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In this note, we study the nonreconstructibility property through examples given
by Stockmeyer (for tournaments) and Kocay (for 3-hypergraphs). Relating these
examples we show how to obtain non (&1)-reconstructible ternary relations from
particular non (&1)-reconstructible binary ones.  1997 Academic Press
1. INTRODUCTION
S. M. Ulam conjectured that all finite simple graphs on at least three
vertices are (&1)-reconstructible [7]. P. K. Stockmeyer shows the falsity
of this conjecture for directed graphs of arbitrarily large cardinality [6]
(see [2] where W. L. Kocay corrects an error in Stockmeyer’s proof). In
Section 1, we show: two ternary relations representing the 3-cycles of two
indecomposable non converse and non (&1)-reconstructible tournaments
form a counterexample to (&1)-reconstructibility of ternary relations. Then,
we use Stockmeyer’s counterexample [6] to illustrate the previous
theorem. In [3], W. L. Kocay mentions two different families of (&1)-
hypomorphic 3-hypergraphs: the first one (denoted here J =n , = # [0, 1]) for
which W. L. Kocay shows that J 0n and J
1
n are not isomorphic and the
second one (denoted here K =n , = # [0, 1]) that we consider in this note
(see [4] for more nonreconstructible hypergraphs). For this last family,
W. L. Kocay does not say whether the hypergraphs K 0n and K
1
n are non
isomorphic ones. In Section 2, we prove that Stockmeyer’s counterexample
coincides with the family [K =n , =[0, 1]] and this can be used to give a short
proof of the fact that K 0n and K
1
n are not isomorphic.
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1. FROM BINARY TO TERNARY
Definitions. Let E be a non-empty set. A n-ary relation on E is a func-
tion R from En on [+, &]. The integer n is called arity of the relation R.
Let R and R$ be two n-ary relations on E and E$ respectively.
An isomorphism from R onto R$ is a bijection f from E onto E$ such that:
for all (x1 , ..., xn) # En, we have R(x1 , ..., xn)=R$( f (x1), ..., f (xn)). Let R be
a n-ary relation on E and X/E : the restriction of R on X (denoted RX )
is the n-ary relation on X that takes same values than R for all
(x1 , ..., xn) # Xn. A tournament T is a binary relation (n=2), such that for
all x, y # E with x{ y, T(x, x)=& and T(x, y){T( y, x). T is called
decomposable if there exists A/E (A{E and A containing at least two
different elements) such that for all x # E&A and a, b # A, T(x, a)=T(x, b)
and T(a, x)=T(b, x). Otherwise, T is said to be indecomposable. The
converse of T (denoted by T*) is such that for all x, y # E, T*(x, y)=
T( y, x). T $ is anti-isomorphic to T if T $ is isomorphic to T*. A 3-cycle
(a, b, c) is a tournament T on [a, b, c] such that T(a, b)=T(b, c)=T(c, a).
Let R and R$ be two n-ary relations on E (where card(E)=m) and let _
be a permutation of E. The relations R and R$ are said k-_-hypomorphic
(respectively (&k)-_-hypomorphic) if for all subset X/E of cardinal k
(respectively m&k) the restrictions RX and R_(X ) are isomorphic.
A relation R is said k-_-reconstructible (respectively (&k)-_-reconstructible)
if every k-_-hypomorphic (respectively (&k)-_-hypomorphic) relation is
isomorphic to R. If _=IdE , then R$ is said k-hypomorphic (respectively
(&k)-hypomorphic) to R and R is said k-reconstructible (respectively
(&k)-reconstructible).
From Stockmeyer’s tournaments to ternary counterexamples
Let T be a tournament on E. We define a ternary relation RT called
ternary relation associated with T as follows: RT (x, y, z)=+ if T[x, y, z] is
a 3-cycle. Otherwise, RT (x, y, z)=&. In this paragraph, we obtain the
following result
Theorem 1. Let T and T $ be two indecomposable tournaments which are
(&1)-hypomorphic but neither isomorphic nor anti-isomorphic. Then, the
ternary relations associated with T and T $ form a counterexample to
(&1)-reconstructibility.
In order to prove this theorem we use the following result [1]
Theorem [BoussairiIlleLopezThomasse ]. If T is an indecomposable
tournament, the only tournaments which are 3-hypomorphic to T are T
and T*.
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Proof of theorem 1. RT and RT $ are (&1)-hypomorphic. Let f be an
isomorphism of RT on RT $ : then, f preserves 3-cycles. Let T" be the
tournament defined as follows: T"(x, y)=T $( f (x), f ( y)). T and T" are
3-hypomorphic. According to theorem 1, T and T" would be equal or
converse ones. So T and T $ would be isomorphic or anti-isomorphic.
Remark 1. This theorem still holds for (&1)-_-hypomorphy.
Application to Stockmeyer’s tournaments
Stockmeyer’s Definitions and Notations [6]. Let n0 be an
integer.
We define Vn=[1, 2, ..., 2n] and Vn*=Vn _ [0]. We call An the tourna-
ment with 2n vertices defined on Vn as follows: i dominates j, denoted i  j,
if odd( j&i)#1(mod 4) for i{ j, where odd is defined as follows: for any
nonzero integer k, we define pow(k) to be the largest integer i such that 2i
divides k, while odd(k) is the quotient k divided by 2 pow(k).
Then, we define the tournaments Bn (resp. Cn) as follows: for each
positive integer n, the tournament Bn (resp. Cn) with 2n+1 vertices is
obtained from An by adding a point 0 that dominates even vertices and
is dominated by odd vertices (resp. that dominates odd vertices and is
dominated by even vertices).
Stockmeyer’s tournaments can be shown to be indecomposable by a
straightforward argument which we omit for the sake of brevity. Stock-
meyer [6] states that Bn and Cn are both self-converse, so from the fact
that they are not isomorphic we also know that they are not anti-
isomorphic. Thus, we obtain the following corollary:
Corollary. The ternary relation associated with Stockmeyer’s tourna-
ment is not (&1)-reconstructible.
2. IDENTICAL RELATIONS
Kocay’s Definitions and Notations [3]. We define two maps podd
and peven : Z  Z by: podd (k)=2k&1 and peven(k)=2k. If x, y # Vn , we
compute the sum x+ y as the unique integer z # Vn such that x+ y#
z(mod 2n) (we say that the sum x+ y is computed (mod Vn)). A 3-hyper-
graph G consists in a set V(G) of vertices and a set E(G) (called edge-set
of G) of triples [x, y, z] such that x, y, z are distincts vertices of V(G).
Remark 2. We denote Gk(n) the 3-hypergraphs that we need.
Let 1<kn and n2. We define a family of 3-hypergraphs on Vn :
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If n=2 G2(2)=[[1, 2, 4], [1, 3, 4]]
If n=3 and k=3 G3(3)=[[x, x+1, x+3], [x, x+5, x+7] | x # V3]
If n3 and k<n Gk(n)= podd (Gk(n&1)) _ peven(Gk(n&1))
If n4 and k=n Gn(n)=Eight(Gn&1(n&1)),
where Eight is defined as follows: if G is a 3-hypergraph with vertex-set
Vn&1 , we define a new 3-hypergraph with vertex-set Vn (called Eight(G))
by replacing each edge of G by an eightfold copy, as follows:
Let N=2n&1, if [x, y, z] # G, then Eight(G) contains the edges:
[x, y, z]; [x, y, z+N][x, y+N, z]; [x+N, y, z]; [x, y+N, z+N];
[x+N, y+N, z]; [x+N, y, z+N]; [x+N, y+N, z+N]. For n3, we
denote: Gn=U2knGk(n) We define another family of 3-hypergraphs
M=n(n), (= # [0, 1]) each on Vn* , as follows: M
0
n(n)=[[4x&3, 4y&2, 0],
[4x&1, 4y, 0]; x, y # Vn&2]. M 1n(n)=[[4x&2, 4y&1, 0], [4x&3, 4y, 0];
x, y # Vn&2].
Furthermore, we take: podd (0)= peven(0)=0. We define a ternary relation
R associated with a 3-hypergraph G as follows: R(x, y, z)=+ if [x, y, z] #
E(G) and R(x, y, z)=& otherwise.
We denote K =n=Gn _ M
=
n(n) the set of positive triples of the relation
associated with Kocay’s 3-hypergraphs and S $n the one associated with
Stockmeyer tournaments, where $ # [a, b, c] whether we consider An , Bn
or Cn respectively.
Comparison of the Two Relations
Theorem 2. The ternary relations K =n(= # [0, 1]) associated with Kocay’s
3-hypergraphs and the ones associated with Stockmeyer’s tournaments are
identical.
Sketch of proof. Using the algebraic definition of Stockmeyer’s tour-
naments, we show by induction that: K =n /S
$
n , where (=, $)=(0, c) or
(1, b). Using |Gk(n)| and |M =n(n)| given in [3], and also the number of
3-cycles of a tournament in terms of its degree sequence [5], we show that:
|S $n |=|K
=
n | for (=, $)=(0, c) or (1, b).
Remark 3. The question of knowing whether Kocay’s actual coun-
terexamples, J 0n and J
1
n , can be found from nonreconstructible tournaments
is still open. We would obtain a positive answer to this question if we show
that J 0n and J
1
n are isomorphic to K
0
n and K
1
n . We give here an answer for
n=2, 3 and 4:
K =2 is isomorphic to J
=
2 by (1, 3) _ (2, 4), where ==0 or 1.
K =3 is isomorphic to J
=
3 by (1, 3) _ (2, 4) _ (5, 7) _ (6, 8), where ==0
or 1.
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K =4 is isomorphic to J
=
4 by (1, 11) _ (2, 12) _ (3, 9) _ (4, 10) _ (5, 15) _
(6, 16) _ (7, 13) _ (8, 14), where ==0 or 1.
The question is still open for n5.
CONCLUSION
W. L. Kocay [3] explains it is difficult to show that (&1)-hypomorphic
n-hypergraphs (n>3) are not isomorphic. Now we can try to obtain such
counterexamples by the same way as the one described in this note.
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